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1. INTRODUCTION
A loop is a nonempty set L having a binary operation with a two-sided
identity element such that, for all a, b g L, each one of the equations
ax s b and xa s b has a unique solution. Let L be a loop and R be a
ring. The loop ring RL is the free R-module with basis L and multiplica-
tion induced by the binary operation of L. When R is a field RL is called
a loop algebra.
Loop rings have been the object of study for many years. In a classical
w xpaper Chein and Goodaire 5 imposed the alternative identities on the
loop algebra and were able to give a description of the loops whose loop
algebra satisfies these identities. They called these loops RA loops. It
turned out that these loops have very nice properties and that their
description nearly does not depend on the characteristic of the ring
involved. This is quite remarkable because similar results in group rings
have been obtained only by requiring that the unit group satisfies some
identity.
On the other hand, if G is a finite group then by Wedderburn's
Theorem CG is a direct sum of matrix algebras over the complex field C
and thus, by the Amitsur]Levitzki Theorem, CG satisfies a standard
* This paper was written while the second-named author held a grant from CNPq of Brazil.
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w xpolynomial identity. A result of Bruck 3 tells us that if L is a finite loop
Ž .then K L is semi-simple if K is a field and char K s 0. As far as we know,
it is not known that every simple direct summand of K L satisfies a
polynomial identity and if they do it is not obvious that K L should also
satisfy a polynomial identity.
There are 3 RA2 loops of order 16 which we label L , L , L and which3 4 5
w xare not RA loops. In 2 de Barros and Watson showed that if F is the2
field with two elements then F L is not isomorphic to F L for i / j, and2 i 2 j
w xin 1 de Barros and Juriaans proved that if Z is the ring of integers then
Z L determines L .i i
In this paper we study the polynomial identities of the loop algebras of
these 3 non-alternative RA2 loops of order 16. It turns out that all these
loop algebras satisfy many identities which are far from being trivial.
Moreover the set of degree 4 identities is the same for these loop algebras.
In Section 2 we give the preliminary results. In Section 3 we present the
polynomial identities. All identities and central identities of degree F 4
are determined. Some of degree 5 are given.
2. SOME PRELIMINARIES
w xIn 6 Chein and Goodaire defined a RA2 loop as a loop whose loop
algebra over a field of characteristic 2 is alternative but not associative.
Formerly they have defined RA loops as those loops whose loop algebra
over a field of characteristic p ) 2 is alternative but not associative.
There are five RA2 loops whose order are 16. All of them can be
constructed from a subgroup using the method of duplication introduced
w xby Chein 4 . It is known that two of them are RA loops and the other
three are not. We shall denote these three loops by L , L , and L .3 4 5
We give a brief description of these notations. Let G be a group and
2 Ž .write L s G j Gu where u s g g Z G . Let ) : G “ G be an involu-0
tion such that gU s g . Define the multiplication in L by the rules0 0
g ? hu s hg ? u, gu ? h s ghU ? u, and gu ? hu s g hU g for all g, h g G. Then0
L is a loop and this multiplication is extended in the obvious way to the
Ž .loop algebra K L. If we write K L s KG [ KG u then the multiplication
Ž .Ž . U Ž U .is given by x q yu z q wu s xz q g w y q wx q yz u and ) is the0
obvious extension of ) : G “ G to the group algebra KG. The loop L is
Ž . ² 4 2 3:denoted by L s G, ), g . Let D s a, b : a s b s 1, bab s a be theo 4
2 Ž . X  4dihedral group of order 8 and s s a . Then Z D s D s 1, s . With4 4
these notations the loops L are obtained asi
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Ž . U y1L s L D , ), s , where g s g for all g g D ,3 4 4
Ž . Ž n m.UL s L D , ), s , where the involution ) is given by a b s4 4
anŽy1.
m
bm,
Ž . U y1L s L D , ), 1 , where g s g for all g g D .5 4 4
Ž .It is easy to see, and well known, that K D s 4K [ M K if K is a field4 2
of characteristic / 2, and from this we see easily that if i s 3, 4, 5 then
K L ( 8K [ A , where A is an algebra of dimension eight over K. Notei i i
Ž .that the algebra A is obtained duplicating M K using a process which isi 2
Ž w x.similar to that used to obtain Cayley]Dickson algebras see 9 . In fact
Ž . Ž .A s M K [ M K u where the multiplication is given by the rules above.i 2 2
1 Ž .The central idempotent associated to A is e s 1 y s . Having this iti 2
is now easy to obtain a natural basis for these algebras. Let c : KL “ Ai i
Ž . Ž .be given by c x s xe. Then this basis is a subset of c L . Using thei
w xnotations of de Barros and Watson 2, Tables 3]5 we have that s
Ž .  4corresponds to 3 and that c 3 s y1. The basis elements 1, e , . . . , e of1 7
A correspond toi
c 1 , c 2 , c 5 , c 6 , c 9 , c 10 , c 13 , c 14 . 4Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .
The multiplications tables are:
Ž .LEMMA 1. Assume that char K / 2. Then, for i s 3, 4, 5, A is a simplei
algebra.
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1 Ž .Proof. We have that e s 1 y s is a primitive idempotent of K D . As42
in group rings we have that
K L Li i( K ( K C = C = C ( 8K.Ž .X X 2 2 2ž /D L , L LŽ .i i i
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Ž .Hence K L ( K L 1 y e [ K L e ( 8K [ K L e. Thus A ( K L e.i i i i i i
Therefore to prove that A is simple we have just to prove that e is ai
primitive idempotent of K L . In fact, let f s x q yu be a central element.i
Then gf s fg for all g g D . So gx q yg ? u s xg q ygU ? u. This implies4
that yg s ygU and thus ygU gy1 s y. If i s 3, 5 take g s a and if i s 4
12 2Ž .take g s ab to obtain ya s y and thus that y 1 y a s 0, i.e., ye s 0.2
Hence if e s e q e is the sum of two central idempotents then, letting1 2
Ž .e s x q y u we have e s e e s x q y u e s x e g K D . But e is primi-i i i i i i i i 4
tive in K D . Thus e s 0 or e s 0. It follows that e is a primitive4 1 2
idempotent.
3. THE POLYNOMIAL IDENTITIES
w xIn 8 Hentzel and Peresi listed all polynomial identities and polynomial
central identities of degree F 6 for the Cayley]Dickson algebras
Ž .C a , b , g . A polynomial central identity is a polynomial which evaluates
into the field for all substitutions of the variables by all choices of
elements of the algebra, but is not itself an identity. The Cayley]Dickson
algebras are alternative. Thus the process to obtain these polynomial
identities was described using alternative reductions. However, with some
changes the process can be applied to obtain the polynomial identities of
small degree of any nonassociative algebra of small dimension. We apply
this process to the algebras A , A , and A .3 4 5
w x Ž .We denote by a, b the commutator ab y ba and by a, b, c the
Ž . Ž .associator ab c y a bc .
THEOREM 1. Let K be a field of characteristic / 2, 3. Then for i s 3, 4, 5
we ha¤e:
Ž .i The algebras A do not satisfy any polynomial identity or centrali
identity of degree F 3.
Ž .ii The degree 4 polynomial identities of A are consequences of thei
identities
2 2w x w x w xx , y , x q y , x , x q xy , x x q x x , yx s 0, 1Ž .
w xx , x , y , y q x , y , x , y q x , y , y , x q y , y , x , xŽ . Ž . Ž .Ž .
w xq y , x , y , x q y , x , x , y s 0, 2Ž . Ž .Ž .
w xx , y , y , x q x , y , x , y q x , y , x , y q y , x , x , yŽ . Ž . Ž .Ž .
w xq y , x , y , x q y , x , y , x s 0. 3Ž . Ž .Ž .
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Ž Ž . Ž . .In 4 ] 8 we denote by Ý the alternating sum o¤er the ¤ariables y and z.
x , x , z y q z x , x , y q x , y , z x q z , x , y x q y , z , x x Ž . Ž . Ž . Ž . Ž .Ý
qy x , z , x q y , x , xz q x , yx , z q x , zy , x q xz , x , yŽ . Ž . Ž . Ž . Ž .
q xz , y , x q z , x , yx q 2 x , xz , y q 2 yx , x , z q 2 zy , x , x 4Ž . Ž . Ž . Ž . Ž .
s 0, 4Ž .
x , x , y z q z , y , x x q x y , z , x q xz , x , y q x , z , x y Ž . Ž . Ž . Ž . Ž .Ý
qy x , x , z q yx , x , z q x z , x , y q xy , z , x q y , xz , xŽ . Ž . Ž . Ž . Ž .
q z , x , yx q 2 x , x , zy q 2 x , zy , x q 2 y , x , xz q 2 z x , y , xŽ . Ž . Ž . Ž . Ž .
q2 z , yx , x s 0, 54Ž . Ž .
2 x , xy , z q x , x , y z q 2 xy , z , x q 2 x , yz , x q x y , z , x Ž . Ž . Ž . Ž . Ž .Ý
q x , y , zx q x , zx , y q xz , x , y q 2 x , z , xy q y , x , xzŽ . Ž . Ž . Ž . Ž .
qy x , x , z q 2 yz , x , x q zx , y , x q z , xy , x q 2 z x , y , xŽ . Ž . Ž . Ž . Ž .
q z , y , x x s 0, 64Ž . Ž .
2 x , x , zy q x x , z , y q x , yx , z q 2 x y , x , z q 3 x , y , xzŽ . Ž . Ž . Ž . Ž .Ý
q3 x , z , yx q 3 x , zy , x q x z , y , x q 3 y , xz , x q y , x , zxŽ . Ž . Ž . Ž . Ž .
qy z , x , x q 2 z , yx , x q z , x 2 , y q z x , x , y q z , x , xyŽ . Ž . Ž . Ž . 4Ž .
s 0, 7Ž .
x x , y , z q 2 x , x , zy q x , y , x z q xz , x , y q x z , x , y Ž . Ž . Ž . Ž . Ž .Ý
q xy , z , x q x , z , y x q 2 x , zy , x q z , x , x y q yx , x , zŽ . Ž . Ž . Ž . Ž .
q2 y , x , xz q y , xz , x q z , x , yx q 2 z , yx , x q z y , x , x 4Ž . Ž . Ž . Ž . Ž .
s 0, 8Ž .
sy1 x x , x , x y x , x , x x s 0, 9Ž . Ž . Ž . Ž . 4Ý s Ž1. s Ž2. s Ž3. s Ž4. s Ž1. s Ž2. s Ž3. s Ž4.
sgS4
sy1 x , x x , x y x , x , x x s 0.Ž . Ž . Ž . 4Ý s Ž1. s Ž2. s Ž3. s Ž4. s Ž1. s Ž2. s Ž3. s Ž4.
sgS4
10Ž .
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Ž .iii The degree 4 polynomial central identities of A are consequencesi
of the identities
w x w xx , x , y , y q x , y , y , x q 2 x , y , x , y q 2 x , y y , xŽ . Ž . Ž .
w x w xq y , y , x , x q y , x , x , y q 2 y , x , y , x q 2 y , x x , y ,Ž . Ž . Ž .
11Ž .
sy1 x x x x . 12Ž . Ž . Ž . Ž .Ý s Ž1. s Ž2. s Ž3. s Ž4.
sgS4
Ž . Ž .Proof. To prove that 1 ] 10 are identities of A we linearize them,i
replace the variables by all combinations of basis elements, and verify that
Ž . Ž .each substitution evaluates to zero. To prove that 11 and 12 are central
identities we do the same and verify that if a substitution does not evaluate
to zero then it evaluates to a non-zero element of the field.
We now prove that we have listed all identities. Since the argument in
Žthe proof is the same for each A , each degree, and each representation ini
w x.the sense of 8 of the group algebra of the symmetric group, we give here
only the proof for A , degree 4, and the third representation.3
ŽŽ . .There are 5 ways to associate 4 variables. They are f s x x x x ,1 1 2 3 4
Ž Ž .. Ž .Ž . ŽŽ . . Ž Ž ..f s x x x x , f s x x x x , f s x x x x , f s x x x x .2 1 2 3 4 3 1 2 3 4 4 1 2 3 4 5 1 2 3 4
We consider each f as a function on the variables x , x , x , x . Leti 1 2 3 4
g x , x , x , x s x x x x y x x x x y x x x x q x x x xŽ .1 1 2 3 4 1 2 3 4 3 2 1 4 1 4 3 2 3 4 1 2
q x x x x y x x x x y x x x x q x x x x2 1 3 4 2 3 1 4 4 1 3 2 4 3 1 2
q x x x x y x x x x y x x x x q x x x x1 2 4 3 3 2 4 1 1 4 2 3 3 4 2 1
q x x x x y x x x x y x x x x q x x x x2 1 4 3 2 3 4 1 4 1 2 3 4 3 2 1
and
g x , x , x , x s x x x x y x x x x y x x x x q x x x xŽ .2 1 2 3 4 1 3 2 4 3 1 2 4 1 3 4 2 3 1 4 2
q x x x x y x x x x y x x x x q x x x x2 3 1 4 2 1 3 4 4 3 1 2 4 1 3 2
q x x x x y x x x x y x x x x q x x x x1 4 2 3 3 4 2 1 1 2 4 3 3 2 4 1
q x x x x y x x x x y x x x x q x x x x .2 4 1 3 2 4 3 1 4 2 1 3 4 2 3 1
Ž .We denote by f x , x , x , x the function obtained from g by associat-i j 1 2 3 4 i
Žing each term of g in the way f . Then a polynomial identity or centrali j
. Ž w x.polynomial identity of A has the form see 83
2 5
x f x , x , x , x . 13Ž . Ž .Ý Ý i j i j 1 2 3 4ž /is1 js1
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We now replace the variables x , x , x , x by basis elements of A to find1 2 3 4 3
Ž .the constraints the x must satisfy for 13 to be an identity or centrali j
identity for A . To simplify the notation we let e s 1 and denote the3 0
Ž . Ž .substitution e , e , e , e simply by i, j, k, l . The substitutions 0, 1, 1, 2 ,i j k l
Ž . Ž . Ž . Ž . Ž . Ž . Ž0, 1, 2, 4 , 0, 2, 3, 5 , 1, 1, 2, 5 , 1, 1, 3, 3 , 1, 2, 2, 7 , 1, 2, 3, 4 , and 2, 3, 6,
.2 give equations
 4  42 x q x q x q x q x y x q x q x q x q x e ; 411 12 13 14 15 21 22 23 24 25 2
 42 x q x y x y 2 x y x q x y x q x e ;11 12 14 15 21 22 24 25 7
 4x y 2 x q x q x e ;12 13 14 23 4
 4yx y x y x q 2 x y x q 2 x e ;11 13 15 21 23 25 7
 4  4y x q x q x q x q x q 2 x q x q x q x q x e ; 411 12 13 14 15 21 22 23 24 25 0
 4yx q x q 2 x y 2 x e ;12 14 22 24 6
 4x y x q x y x e ;21 22 24 25 4
 42 x y x q 2 x y x q 2 x y x q x q x q x q x e . 411 12 13 14 15 21 22 23 24 25 5
Ž .If 13 is an identity of A then all the coefficients of these equations must3
be zero. This gives a system with 8 equations and 10 variables x . Thisi j
system has rank 8. The solutions are then linear combinations of solutions
x s 1, x s 0, x s y2, x s 0, x s 1,11 12 13 14 15
x s y1, x s 3, x s y4, x s 3, x s y1;21 22 23 24 25
x s 0, x s 1, x s y1, x s y1, x s 1,11 12 13 14 15
x s 0, x s 2, x s y2, x s 1, x s y1.21 22 23 24 25
The first of these two solutions gives the linearized form of the identity
Ž . Ž .obtained by subtracting 3 from 2 . The second gives the linearized form
Ž .of 3 .
Ž .Now, if 13 is a central identity then the coefficient of e need not be0
zero. We have now a system with 7 equations and rank 7. The solutions of
this system are linear combinations of 3 solutions: the two solutions above
and
x s 0, x s 0, x s 4, x s 0, x s 0,11 12 13 14 15
x s 3, x s y3, x s 8, x s y3, x s 3.21 22 23 24 25
Ž .This last solution is the linearized form of 11 .
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Ž .Remark. It seems that the algebras A i s 3, 4, 5 have the same set ofi
degree 5 identities. As an example we mention that
ab.cd e y a bc.de q 2 a b , cd, e Ž . Ž . Ž .Ý
q2 a, b.cd, e y 2 ab. c, d , e s 0,4Ž . Ž .
where Ý means the alternating sum over the arguments a, b, c, d, is an
identity of A .i
THEOREM 2. Let K be a field of characteristic / 2, 3. Let i s 3, 4, 5.
Ž .Then f is a polynomial identity central identity of A if and only if f is ai
Ž .polynomial identity central identity of K L . In particular we ha¤e found alli
polynomial identities and central identities of degree F 4 of K L .i
Proof. Let f be a polynomial identity of A . We know that K L ( 8Ki i
Ž .[ A where A is a simple algebra by Lemma 1 whose center is K. So f isi i
a polynomial identity of K. Hence f is a polynomial identity for all the
simple components of K L . An element of K L is an orthogonal sum ofi i
elements belonging to the various simple components and only the one
belonging to A is possibly non-central. This makes it clear that if wei
substitute elements of different components, each monomial in f will
vanish. This and the fact that f is a polynomial identity for each compo-
nent proves that f is one for K L . On the other hand, if f is a polynomiali
identity for K L then it is also one for A . The proof is analogous if f is ai i
central identity of A . The last statement follows now from Theorem 1.i
Ž .Remark. For the loop algebras KL i s 3, 4, 5 , we found interestingi
Ž . Ž . Ž .identities, for example, 1 , 9 , and 10 . It would be interesting to know if
it is possible to classify the loops whose loop algebra satisfies one of these
identities.
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